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1. INTRODUCTION
Several recent developments in permutation group theory have
connections which are not immediately obvious. These include Leonard
Scott's "Krein condition" [12] and his work on character products [13],
Margaret Smith's theorem on groups with rank and subrank 3 [16], and
Simon Norton's construction of algebras admitting 3-transposition groups
[4]. It is the purpose of this paper to discuss a combinatorial background
to these results, which illuminates the links between them.
The combinatorial setting is the theory of association schemes; these
are operands for generously transitive permutation groups. In section 2
we recall the Krein parameters of an association scheme, a family {q~}
of parameters which are in a sense "dual" to the intersection numbers
{pt}. Much of the paper is concerned with the vanishing or non-vanishing
of Krein parameters; for example, section 3 characterises imprimitive
association schemes in this way. Primitivity ensures that, under the
orthogonal projection onto a nontrivial eigenspace of the Bose-Mesner
algebra, the images of the standard basis vectors are all distinct. In the
next two sections we study the spherical design properties of this set of
images, and construct explicitly a "Norton algebra" on any eigenspace
V, for which qt. *- O.
Section 6 forges the links with permutation groups. We show that the
combinatorial results imply, and in some cases improve, known results
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about groups. We conclude with a remark which shows that our programme
is not yet complete.
2. THE KREIN PARAMETERS
Let X be a finite set, and consider a partition of the edge set of the
complete graph on X into s classes. Let AI, ... , A a be the adjacency
matrices of these classes; they are symmetric (0, I) matrices. The partition
is an association scheme if the linear span of {Ao=I, AI, .. ., A a} (over '6, say)
is an algebra d (called the Bose-Meener algebra of the scheme). We have
,
AiAJ= ! ptAk
1:-0
for some numbers pt. These numbers are the intersection numbers of
the scheme; they are non-negative integers and have a well-known
combinatorial interpretation. Since d consists of commuting symmetric
matrices, we have an orthogonal decomposition
where each Vi is an eigenspace for all the matrices in d. Since each d t
has constant row sums, we may assume that Vo is spanned by the all-I
vector [, Let :rei denote the orthogonal projection of V onto Vi, and E,
the matrix representing :re, . Then E o= lIn J (where J is the all-I matrix
and n= IX !), and {Eo, .. ., E a} is the set of minimal idempotents of d,
that is,
E,EJ=~tjEi.
The Bose-Mesner algebra is also closed under Hadamard (pointwise)
multiplication because
Ai OAJ=~iJAt,
that is, A o, ... , A a are the minimal idempotents for this multiplication.
Thus we have
,
s, oEJ= ! qJ;Ek
1:-0
for some real numbers qt.The numbers qtj for k =O, ... ,8 are the eigenvalues
of E, 0 EJ. Since E, 0 E j is a principal submatrix of the Kronecker product
E, ® EJ of two idempotents, we have
O,qt,1
for all i, i, k. This is referred to as the Krein condition [12].
The numbers qt are called the Krein parameters of the association
scheme. Many of their properties are "formally dual" to those of the
intersection numbers, as the above equations suggest; see Delsarte [6]
for further discussion of this duality.
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As a point of terminology, we will often regard an association scheme
as a set of 8 +1 symmetric binary relations on X, the first of which is
the relation of equality.
3. IMPRIMITIVE ASSOCIATION SCHEMES
An association scheme is called imprimitive if the union of a proper
sub collection of the association relations (containing more than just the
identity relation) is an equivalence relation. In an imprimitive association
scheme, the restriction of the scheme to an equivalence class is a subscheme.
It is also possible to define a quotient scheme, by identifying the points
in each equivalence class and identifying the association relations
appropriately.
PROPOSITION 3.1. An association scheme is imprimitive if and only if
any of the following equivalent conditions holds:
(i) there is a matrix (other than el, cJ) in the Bose-Mesner algebra
which, up to a scalar factor, is idempotent in both ordinary and
Hadamard multiplication;
(ii) for some integer 8' with 0<8' < 8, pt;= 0 whenever i, i < 8' , kc-s' (on
ordering the association relations suitably);
(iii) for some integer 8" with 0<8"<8, ~=O whenever i, i <8", k>8"
(on ordering the eigenspaces suitably);
(iv) for some integer i> 0 and distinct points x, y EX, we have xnc = ynt;
(v) at least one of the relations (other than equality) is disconnected.
PROOF. Given a set of association relations, the sum of the corresponding
matrices At is a Hadamard idempotent. It is a multiple of an ordinary
idempotent if and only if the union of the relations is an equivalence
relation. So imprimitivity is equivalent to (i) .
.'(i) -¢> (ii) : I..et M = ! At be a Hadamard idempotent. If M2 = qM then,
.-0
for i , i <8', AtA j contains only those A/c with le -es' , so (ii) holds without
loss of generality. We have M =lp ® J q for some integers p and q, with
pq=n. Conversely, if (ii) holds, then M =lp ® J q and M2=qM.
(i) -¢> (iii) : dual to (i) -¢> (ii).
(i) -¢> (iv) : Suppose x and yare equivalent. Then xM = yM; so if
."M = ! E t, then xEc=yEc for i= 0, ... , s", Conversely, the relation defined
.-0
by x "-' Y if xnc = ynt for some i is an equivalence relation, and is a union
of association relations.
(ii) -¢> (v) : The forward implication is clear. Conversely, if (v) holds, let
•A~= ! al:")A/c. We may suppose that the coefficient a~m) is nonzero for
k=O
some m if and only if 0< k < 8'. If ~m) and a}m') are nonzero, consideration
of .A~+m' shows that pft is zero for all k »:s',
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REMARK 3.2. The numbers s' and s" have a combinatorial inter-
pretation. The subsoheme defined by the equivalence relation has s' classes,
while the quotient scheme has s" classes. Furthermore, it follows from
(ii) and (iii) that the linear spans of {Ao, Al, ... , Ad and {Eo, E I , . . . , Es"}
are closed under both ordinary and Hadamard multiplication. They are
isomorphic to the Bose-Mesner algebras of the subscheme and the quotient
scheme, respectively.
REMARK 3.3. We have s' + s" «;s. Indeed, the matrix q-IM of (i) is the
sum of s"+ 1 minimal idempotents, and the subalgebra generated by
{Ao, . . ., As'} contains s' + 1 orthogonal idempotents, one of which is q-IM.
We do not know whether there is an upper bound for s in terms of s'
and s", cf. the examples below.
REMARK 3.4. For s = 2 we have (pfl = 0) ¢> (qfl = 0), on ordering the
relations and idempotents suitably.
EXAMPLE 3.5. The direct product of two association schemes with s'
and s" classes is an imprimitive association scheme with s = s' +s"+s's"
classes.
EXAMPLE 3.6. The association scheme defined by the relations
[~ ~J, [~ ~J, [~ ~J, [~ ~J,
where C=A -B is a matrix with two eigenvalues (corresponding to a
regular two-graph) , is imprimitive with s= 3, s' = 1, s"= 1.
EXAMPLE 3.7. The association scheme consisting of all quadratic forms
on a vector space of dimension 2m over GF(2), is imprimitive with
s= 3m, s' = 1, s"=m, cf. [3], proposition 7.
4. SPHERICAL DESIGNS
We recall some definitions from [8]. Let X be a subset of the unit sphere
Q a in 'Ga. X is a spherical t-design if, for 1« k «: t, the sum of the values
of any homogeneous harmonic polynomial of degree k over the points
of X is zero. We say X is balanced if ka X = 0, and euiaciic if it is, up
to a scalar factor, an orthogonal projection of an orthonormal basis of
'Gil d 'Ga. Then X is a spherical l-design if and only if it is balanced, and
is a spherical 2-design if and only if it is balanced and eut act ic [14] (the
present paper was partly motivated by an attempt to explain spherical
3-designs similarly). The distances of X are the inner products of distinct
members of X.
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PROPOSITION 4.1. For an association scheme on X, let Vt be an
eigenspace of the Bose-Mesner algebra (i> 0), and 3lt the orthogonal
projection onto Vt . Then X3lt is a scalar multiple of a spherical 2-design
in Vt with at most 8 distances (possibly with repeated vectors); it is a
spherical 3-design if and only if q~= O.
PROOF. The Gram matrix of the set X3lt is E t . Since it is a member
of d, its diagonal entries are constant (so the vectors of X3lt have constant
length), and it has at most 8 distinct off-diagonal ent ries (so there are
at most 8 distances). Since i>O, EtEo=O. This means that Et has column
sums zero, so X71t is balanced. It is clearly eutactic, thus X3lt is a spherical
2-design (up to a factor) . Any homogeneous polynomial of degree 3 has
the form 1= 13 +IIxlI2fr, where 13 and i, are harmonic. It follows that Xm
is a spherical 3-design if and only if I,l'€x l(x3lt) = 0 for any homogeneous
polynomial t of degree 3, or equivalently
! X71t 0 X3l, 0 X3lt = O.
zeX
Now the Gram matrix of {X3li 0 X71, 0 X3lt} is E i 0 E i 0 E t. The result
follows from the next lemma.
PROOF. From EtEj=~tjEt it follows that
qf;Eo= (E t 0 Ej)Eo= (diag EtEj)Eo= ~tj(diag Et)Eo;
hence diag Et=Iq~ and Pi = nq?i' The second formula follows from this and
•E t 0 s, 0 E,,= I if;Eh 0 E k •
k -O
REMARK 4.3. Consider the case 8 = 2, when the association scheme is
a complementary pair of strongly regular graphs. From lemma 4.2 we
see that if; =1= 0 if one of i, j, k is zero . Proposition 3.1 shows that, if both
graphs are connected, then qil =1= 0, q~2 =1= 0, etc. There remains the
possibility that qtl = 0 or q~2 = O. These are of course equivalent under a
change of notation. The combinatorial significance of these conditions was
investigated in [2]. There it was shown that, if qtl=O (or ~2=0) then
each of the two graphs has the property that both sub constituents with
respect to any vertex x (the subgraphs on the vertices adjacent and
nonadjacent to x) are strongly regular. Conversely, if both subconstituents
with respect to some vertex are strongly regular, and the graph is not
of pseudo or negative Latin square type, then qtl or q~2 vanishes. It was
also shown that qfl or t22 is zero if and only if the graph or its complement
is a pentagon or a Smith graph (having the parameters given by
Margaret Smith in [16]). This can also be verified directly.
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Proposition 4.1 can be extended to give conditions for X7tt to be a
spherical t-design for larger t. The formulae are more complicated and
will be discussed elsewhere.
5. NORTON ALGEBRAS
In this section we relate the Krein parameter qf; to a map ~ from
Vt 0 Vi to Vk; this enables us to construct a commutative algebra on
Vt if qI, does not vanish.
PROPOSITION 5.1. Let~ : Vt 0 Vi~ Vk be defined by
(VI ® Vi)~= L ( VI ® Vj, X7tt @ X7ti ) X7tk.
",€x
Then at = 0 if and only if ~ = o.
PROOF. Put Z= (VI ® Vi)G'~'t. Then, for any Vk E Vk, we have
( z, Vk)= L ( Vi, X7tt )(Vj, X7tj ) (Vk, X7tk)
",€x
= (Vt ® Vj @Vk, L X7t1 @ X7tj @ X7tk) .
",€x
By lemma 4.2 we have
II L X7ti @ X7tj @ x7tkI12=q~,uk.
",€x
This proves the assertion.
PROPOSITION 5.2. The eigenspace Vt of an association scheme on a set
X is a commutative algebra under the product defined by
U*V= L (u, x)(v, x)X7tt.
",eX
This product is zero if and only if qti = O.
PROOF. The map at.: Vi @ Vi --+ VI defined in proposition 5.1 is linear
in both variables, and associates the product u *V mentioned above to
any u , v E Vi. In terms of an orthonormal basis {ep } for Vi, this product
reads
ep * e.= L ( L (eA, x)(ep , x)< e., x) )eA.
A "'EX
The product is zero if and only if qt. = 0, that is, if and only if (xnilx EX}
is a spherical 3-design in VI.
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REMARK 5.3. Let Wfj be the subspace of Vf Q9 Vj spanned by
{xnf 0 x1ljlx EX}.
Pii/V~~i'kkI \
k
o ..
~J
W. !'""'----;:---~)Vk
~J
The map crt;, restricted to WfJ, is related to the map (!fj : V --+ WCj
defined by
V(!fj= ! (v, X>(xnf 0 xnj),
"'. x
by the above commutative diagram, that is,
(!fj~ = qf;nk.
Indeed, the equation
qf;Ek = (E f 0 Ej)Ek
reads as follows:
t/.';xnk= ! (xnt, ynt>(xnj, ynj>ynk
IIEX
= ! ( xnt Q9 xnj, ynt Q9 ynj>ynk
\/EX
=X(!fj~.
In particular, xnf*xnt=q~xnt, so the vectors (q;,)-lxnf, for XEX, are
idempotents in the Norton algebra on Vf •
REMARK 5.4. The subspace Wfj is isometrically embeddable in V by
the map
•
xnf Q9 xnj --+ ! XJrkVi/:,
k-O
since E t oEj= !~-o q~Elc. Note that the image of this map is the sum of
those Vk for which qt # o.
6. PERMUTATION GROUPS
A permutation group G on a set X is called generously transitive [II]
if any two distinct points of X are interchanged by an element of G.
Generously transitive groups G are characterized by the property that
the partition of the edge set of the complete graph on X into G-orbits
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is an association scheme whose Bose-Mesner algebra is the centralizer
algebra of a. (If the rank of a is 8+ 1, the scheme has 8 classes). A group
is generously transitive if and only if the absolutely irreducible
constituents of the permutation character are all real and pairwise
inequivalent. The class of generously transitive groups includes the rank
3 groups of even order [9] and the groups of maximal diameter with
respect to a symmetric orbital [10].
It is clear that the classical definition of primitivity for a generously
transitive group agrees with the definition of primitivity of its association
scheme in section 3. This has the following consequence.
PROPOSITION 6.1. Let a be a primitive generously transitive group
on X, with rank 8 + 1. Suppose that a non-principal irreducible constituent
of the permutation character of a has degree d. Then
IXI < e+:-I) + e;~~2).
PROOF. Let VI be the eigenspace of dimension d. Then Xnt is a spherical
set with no repeated vectors (proposition 3.1) and at most 8 distances
(proposition 4.1) . The result follows from [8], theorem 4.8.
REMARK 6.2. It is not necessary to assume here that a is generously
transitive; the result holds if d is the dimension of a a-invariant subspace
ofUX not contained in the subspace spanned by the all -I vector. Indeed,
if a is not generously transitive, then the number of distances is strictly
less than 8, and a better bound results .
REMARK 6.3. Proposition 6.1 should be compared with the implicit
bound 1+I+...+l(f - 1)8-1 for the degree of a primitive group of rank 8
with a symmetric suborbit oflength I (cf. [15]). This bound is a consequence
of the connectedness of the orbital graph. The order of magnitude of this
bound is 18 , compared with d818! in proposition 6.1. However, the results
of [1] and [5] show that the bound can only be attained if 8 or I is 2,
so perhaps an improvement is possible.
REMARK 6.4. The results of [7] can be used to derive bounds for
monomial groups in the same way.
For the remainder of this sect ion , we use the notation introduced
earl ier for the association scheme of a generously transitive group a. Let 8
be the permutation character of a (the character afforded by V), and
XI the constituent of 8 afforded by the irreducible subspace VI. The
subspace W l j admits a, since it is spanned by the a-invariant set
{xnl ® x;T7;j lx E X}; and the isom etry from Wlj into V (remark 5.4) commutes
with the action of a. So the character of a afforded by W t j is the sum
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of those Xk for which ~ -=P O. Since Wii ~ Vt 0 Vi, we see that this
character is contained in XtXi, and even in Sym 2(Xt) if i = [, Thus we obtain
the following result.
PROPOSITION 6.5. If ~ -=P 0, then Xk is a constituent of XiXi , and is a
constituent of Sym2(Xt) if i=j.
Using proposition 3.1, we deduce a result of Scott ([13], corollary 1) :
COROLLARY 6.6. If G is a primitive rank 3 group of even order with
permutation character 1+ Xl+ X2, then 1+ X2 is a constituent of Sym2(xI),
and n<hl(I)(XI(I)+3).
Note that the bound is identical with that of proposition 6.1 in the
case s = 2. The bound is attained by the dihedral group of degree 5,
Sp(4, 3) (degree 27), and McLaughlin's group (degree 275).
We can also answer the question raised by Scott after this result .
COROLLARY 6.7. With the hypothesis of corollary 6.6, suppose that G
does not act on the pentagon or a Smith graph. Then Xl is also a
constituent of Sym2(XI) , and n <hl(I)(XI(I) + 1).
PROOF. Proposition 6.5 and remark 4.3. The bound is attained by the
symmet ric group acting on pairs.
PROPOSITION 6.8. A primitive rank 3 group of even order (other than
the dihedral group of degree 5) admits a commutative algebra on at least
one subspace Vt (i= 1 or 2), and in fact on both subspaces unless it is
a group of automorphisms of a Smith graph.
PROOF. Remark 4.3 and proposition 5.2. This generalizes the result
of Norton [4], since the graphs associated with groups generated by
3-transpositions are not Smith graphs.
Our results also have implications for the conjecture of Smith [16],
proved by Scott (13], about the behaviour of the characters Xt on restriction
to the stabilizer of a point. We note that 0 is the character of G induced
from the principal character of Gx ; the Frobenius reciprocity theorem
asserts that the inner product of () with a character 1jJ of G is equal to the
multiplicity of the principal character in the restriction of 1jJ to Gx .
PROPOSITION 6.9. The inner product of the restrictions of Xi and Xi
to the stabilizer of a point is not less than the number of indi ces k
(O<k<s) for which ~ -=P O.
PROOF. <Xi, Xi)Gx= (I, XiXi )Gx=«(), XiXi )G
by Frobenius reciprocity. Since XiXi contains every x» for which ~ -=P 0,
while () = :g-o Xk, the result follows.
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For a primitive rank 3 group of even order, we have 8 = 2 and qt2 =1= 0,
qi2 =1= 0 (proposition 3.1) ; so <Xl, X2)Gz ;;;' 2. Now Xl and X2 both contain
the principal character of Gx with multiplicity 1 (since <Xt, 1) Gx= <Xt, e)G).
So Xl and X2 have a non-principal irreducible constituent in common.
This is [13], corollary 2.
Finally we note that propositions 6.5 and 3.1 imply the following
generalization of corollary 6.6 :
COROLLARY 6.10. If G is primitive and generously transitive with rank
8+ 1, then for any i, j (j =1= 0), Xt is a constituent of X'!' for some m <8.
This should be compared with the connectedness of orbital graphs
(remark 6.2).
7. A FINAL REMARK
An important part of our programme of interpreting the Krein condition
combinatorially consists of relating "local" and "global" properties of
association schemes; the results of [2] (inspired by Smith's theorem [16])
illustrate this very clearly. The proof of proposition 6.9 shows that the
Frobenius reciprocity theorem is a group-theoretical tool for the same
purpose. It seems very likely that a combinatorial analogue of this
theorem exists.
REFERENCES
1. Bannai, E . and T. Ito - On finite Moore graphs, J. Fac. Sci., Univ. Tokyo,
Sect. IA 20, 191-208 (1973).
2. Cameron, P. J., J. M. Goethals and J. J. Seidel- Strongly regular graphs having
strongly regular subconstituents, J. of Algebra, to appear.
3. Cameron, P. J., J. J. Seidel- Quadratic forms over GF (2), Proc. Kon. Nederl.
Akad. Wet. A, 76 (= Indag, Math. 35),1-8 (1973).
4. Conway, J . H. - personal communication.
5. Damerell, R. M. - On Moore graphs, Proc. Cambro Phil. Soc. 74, 227-236 (1973).
6. Delsarte, P. - An algebraic approach to the association schemes of coding
theory, Philips R es. Repts. Suppl. 10 (1973).
7. Delsarte, P., J. M. Goethals and J. J. Seidel- Bounds for systems of lines
and Jacobi polynomials, Philips Res. Repts. 30, 91-105 (1975).
8. Delsarte, P., J. M. Goethals and J. J . Seidel- Spherical codes and designs,
Geometriae Dedicate, 6, 363-388 (1977).
9. Higman, D. G. - Finite permutation groups of rank 3, Math. Z. 86, 145-156
(1964).
10. Higman, D. G. - Intersection matrices for finite permutation groups, J. Algebra
6, 22-42 (1967).
11. Neumann, P. M. - Generosity and characters of multiply transitive permutation
groups, Proc. London Math. Soc. 31 , 457-481 (1975).
12. Scott, L. L. - A condition on Higman's parameters. Amer. Math. Soc. Notices
701-20-45 (1973).
205
13. Scott, L. L. - Some properties of character products, J . Algebra 45, 259-265
(1977).
14. Seidel, J. J. - Eutactic stars, Proc. 5th Hungarian Coll. on Cornbin., Keszthely
(1976) , to appear.
15. Sims, C. C. - Computational methods in the study of finite permutation groups,
in "Computational problems in abstract algebra", ed. J. Leech, 169-183,
Pergamon 1970.
16. Smith, M. S. - On rank 3 permutation groups, J . Algebra 33, 22-42 (1975).
Added in proof . E. Bannai (private communication) answers our question in
Remark 3.3 by an example with 8'=8//=1, 8=2m+ 1.
206
